ABSTRACT We report precise mass and density measurements of two extremely hot sub-Neptune-size planets from the K2 mission using radial velocities, K2 photometry, and adaptive optics imaging. K2-66 harbors a close-in sub-Neptune-sized (2.49 +0.34 −0.24 R ⊕ ) planet (K2-66b) with a mass of 21.3 ± 3.6 M ⊕ . Because the star is evolving up the sub-giant branch, K2-66b receives a high level of irradiation, roughly twice the main sequence value. K2-66b may reside within the so-called "photoevaporation desert", a domain of planet size and incident flux that is almost completely devoid of planets. Its mass and radius imply that K2-66b has, at most, a meager envelope fraction (< 5%) and perhaps no envelope at all, making it one of the largest planets without a significant envelope. K2-106 hosts an ultra-short-period planet (P = 13.7 hrs) that is one of the hottest sub-Neptune-size planets discovered to date. Its radius (1.82
Approximately one third of Sun-like stars host planets between the size of Earth and Neptune ("sub-Neptunes") with orbital periods P < 100 days Fressin et al. 2013; Petigura et al. 2013; Burke et al. 2015) . Most sub-Neptunes detected to date were discovered by the prime Kepler mission (2009) (2010) (2011) (2012) (2013) . While Kepler provided a detailed measure of the distribution of planet radii, only a few tens of stars hosting sub-Neptunes were bright enough for secure massmeasurements by current generation precision radial velocity (RV) facilities (e.g. Marcy et al. 2014) . Many other planets have masses measured from transit timing variations (TTVs, Holman & Murray 2005; Agol et al. 2005) , a technique that is limited to compact, multiplanet systems (e.g. Carter et al. 2012; Hadden & Lithwick 2014) .
Mass and radius measurements yield planet densities, which can be used to infer bulk compositions and probe planet formation histories. From the dozens of subNeptunes with measured densities, bulk compositional trends have become apparent. Most notably, the majority of planets smaller than ≈ 1.6 R ⊕ have primarily rocky compositions, whereas most larger planets have lower densities, consistent with the presence of extended envelopes of H/He and other low-density volatiles (Weiss & Marcy 2014; Marcy et al. 2014; Rogers 2015; Dressing et al. 2015) .
This overall trend in bulk compositions likely has a temperature dependence, which has yet to be fully explored. The gaseous envelopes of planets at extreme temperatures are subjected to photoevaporation by the incident radiation from their host stars (e.g. Owen & Wu 2013; Lopez & Fortney 2014) . Probing planets at extreme temperatures is crucial to understand these sculpting effects and the formation histories of planets close to their host stars. If these planets did form as miniNeptunes and/or giant planets, studying the masses and compositions of their remnants provides insight into the nature of the cores of such planets, specifically the mechanisms that formed them, put them so close to their host stars, and removed their surrounding envelopes.
Recent studies of planet occurrence as a function of radius and temperature have shed light on the formation and evolution of sub-Neptunes. The prime Kepler mission revealed that the occurrence of 2-4 R ⊕ planets drops significantly at very short orbital periods (P < 10 days, Howard et al. 2012; Fressin et al. 2013) . Moreover, from a study of Kepler planets and planet candidates, including 157 with astroseismically characterized host stars, Lundkvist et al. (2016) reported a complete absence of planets with radii 2.2-3.8 R ⊕ and incident fluxes S inc > 650 S ⊕ . Evolutionary models have explained this gap as a "photoevaporation desert", because planets in this size and temperature regime have their envelopes stripped by photoevaporation (Owen & Wu 2013; Lopez & Fortney 2013) . Alternatively, smaller planet cores might form too late and/or too close to the star to accrete much gas and grow in size (Lee & Chiang 2016) .
Another rare sub-class of small planets are those with orbital periods P < 1 day, known as "ultra-short-period" planets (hereafter USPs). They exist around ∼ 1% of Sun-like stars (Sanchis-Ojeda et al. 2014) . While it is unclear how USPs form and how they end up so close to the star, there are several observational clues: Systems with USPs commonly host additional planets, which might have played a role in their formation and/or migration histories. Moreover, Sanchis-Ojeda et al. (2014) measured a sharp decrease in the occurrence of USPs larger than ∼ 1.4 R ⊕ , and a complete lack of USPs >2.0 R ⊕ . Lopez (2016) showed that the observed dearth of USPs R p = 2-4 R ⊕ suggests that they formed with water-poor H/He envelopes that were subsequently lost via photoevaporation.
Bulk density measurements of these two rare types of sub-Neptunes can reveal whether they are bare cores, or contain a significant amount of volatiles. Unfortunately, there have been few opportunities to study their compositions. The few of them discovered in the prime Kepler field orbit stars too faint for spectroscopic follow-up. However, in 2014, NASA's K2 mission began a new chapter in the search for planets orbiting bright stars. The Kepler spacecraft has been collecting precise photometry of numerous fields along the ecliptic plane, each for nearly three continuous months (Howell et al. 2014) . With 10,000-20,000 stars per campaign, hundreds of transiting planet candidates have been discovered Pope et al. 2016; Barros et al. 2016; Adams et al. 2016a ), many of which have been statistically validated or confirmed as planets (Sinukoff et al. 2016; Crossfield et al. 2016 ). This includes several USPs around bright stars amenable to Doppler spectroscopy, including WASP-47e Dai et al. 2015; Sinukoff et al. 2017 ) and HD 3167b (Vanderburg et al. 2016) . K2 also provides an opportunity to probe the compositions of planets in and at the boundaries of the photoevaporation desert.
Here we report the first mass and density measurements of a planet in the photoevaporation desert as well as the mass and density of a USP planet in a multiplanet system. K2-66 (EPIC 206153219) is a G1 subgiant star in K2 Campaign 3 (C3), which hosts a transiting sub-Neptune in the photoevaporation desert. K2-106 (EPIC 220674823) is a G-star in K2 Campaign 8 (C8) with two transiting sub-Neptunes, including a USP subNeptune (K2-106b). We note that K2-66b was first reported as a planet candidate by Vanderburg et al. (2015) and statistically validated by Crossfield et al. (2016) . Both K2-106 planets were first reported and statistically validated by Adams et al. (2016b) as part of the ShortPeriod Planets Group effort (SuPerPiG).
In §2 we describe the methods by which we generate stellar light curves from raw K2 photometry and summarize our adaptive optics imaging and Doppler observations. §3 explains our analysis of the resulting light curves, AO images, and RV time-series to precisely characterize the host stars and determine planet masses and radii. In §4, we present our results, discuss possible planet compositions, and place these planets in context with other sub-Neptunes. Concluding statements are provided in §5.
OBSERVATIONS
2.1. K2 Photometry NASA's Kepler Telescope collected nearly continuous photometry of K2-66 from 2014 November 15 -2015 January 23 UT (69 days) as part of K2 Campaign 3. K2-106 was observed from 2016 January 04 -2016 March 23 UT (80 days) as part of K2 Campaign 8. We generated stellar light curves from the respective target pixel files using the same procedures detailed in Sinukoff et al. (2016) and Crossfield et al. (2016) . The same Gaussian process was used to model and subtract the spacecraft motion from K2 pixel data. We use the same K2-66 light curve presented in Crossfield et al. (2016) , so we do not display it in this work.
Adaptive Optics Imaging
We observed K2-106 on 2016 August 24 UT with the high-contrast adaptive optics (AO) system on the Keck-II telescope using the NIRC2 imaging instrument (PI: Keith Matthews). The images were obtained in the narrow camera mode using a 3-point dither pattern with nods of 2 in each cardinal direction to remove background light. The K s filter was used for all observations. Conditions were foggy and the star was at airmass 1.2 with seeing of 0. 8 during the observations. Crossfield et al. (2016) presented NIRC2 adaptive optics imaging of K2-66 obtained by our group, which we do not show here. The star was found to be single. Moreover, Adams et al. (2016b) presented similar NIRC2 observations of K2-106, finding no evidence of secondary sources.
2.3. Radial Velocity Measurements RV measurements of K2-66 and K2-106 were made using HIRES (Vogt et al. 1994 ) at the W. M. Keck Observatory. We collected 38 RV measurements of K2-66 from 2015 September 20 UT to 2017 January 07 UT and 35 RV measurements of K2-106 from 2016 August 12 UT to 2017 January 22 UT. Observations and data reduction followed the usual methods of the California Planet Search (CPS; Howard et al. 2010 ). An iodine cell was used for each observation as a wavelength calibrator and -6.37 3.04 0.124 a Uncertainties estimated from the dispersion in the radial velocity measured from 718 chunks. These uncertainties do not include "jitter" which is incorporated as a free parameter during the RV modeling (σ jit , Table 3 ). b For three observations, the S HK measurement failed due to a combination of poor seeing, scattered light, and overlapping orders at blue wavelengths. These measurements are listed as N/A. point spread function (PSF) reference. The "C2" decker (0. 87 × 14 slit) provided spectral resolution R ≈ 55,000 and allowed for the sky background to be measured and subtracted. An exposure meter was used to automatically terminate exposures after reaching a target signalto-noise ratio (SNR) per pixel at 550 nm. Most K2-66 exposures were terminated at SNR ≈ 100 and typically lasted 20 min. K2-106 exposures proceeded until SNR ≈ 125 (∼ 25 min). For each star, a single iodine-free exposure was taken at roughly twice the SNR using the "B3" decker (0. 57 × 14 slit). The standard CPS Doppler pipeline was used to measure RVs (Marcy & Butler 1992; Valenti et al. 1995; Butler et al. 1996; Howard et al. 2009 ). RV measurements are listed in Tables 1 and 2 for K2-66 and K2-106, respectively.
ANALYSIS
Here we describe the methods used to characterize planet host stars and to model our K2 light curves and RV time series. Measured stellar parameters, light curve model parameters, and RV model parameters are listed 2.53 1.65 0.138 a Uncertainties estimated from the dispersion in the radial velocity measured from 718 chunks. These uncertainties do not include "jitter" which is incorporated as a free parameter during the RV modeling (σ jit , Table 4 ).
in Tables 3 and 4 for K2-66 and K2-106, respectively.
Stellar characterization
From the iodine-free HIRES spectra, we measured the effective temperature (T eff ), surface gravity (log g), and metallicity ([Fe/H]) of K2-66 and K2-106, using the updated "Spectroscopy Made Easy" (SME) analysis tool described in Brewer et al. (2016) . Previous comparison of SME results with astroseismic results demonstrated log g values accurate to 0.05 dex (Brewer et al. 2015) . Stellar masses and radii were estimated using the isochrones Python package (Morton 2015) , which fit our T eff , log g, and [Fe/H] measurements to a grid of models from the Dartmouth Stellar Evolution Database (Dotter et al. 2008) . Posteriors were sampled using the emcee Markov Chain Monte Carlo (MCMC) package (Foreman-Mackey et al. 2013 ). The adopted uncertainties on stellar mass and radius correspond to 68.3% (1σ) confidence intervals of the resulting posterior distributions. For K2-66, we measure a mass M = 1.11 ± 0.04 M and radius R = 1.67 ± 0.12 R . These are consistent with the values M = 1.16 ± 0.05 M , and R = 1.71 ± 0.14 R reported by Crossfield et al. (2016) , who used the SpecMatch algorithm (Petigura 2015) instead of SME. For K2-106, we measure a mass of 0.92 ± 0.03 M and radius of 0.95 ± 0.05 R . Adams et al. (2016b) measured M = 0.93 ± 0.01 M , which is consistent with our measure-ment, but they estimated R = 0.83 ± 0.04 R , which is smaller than our measurement at the ∼ 2.5-σ level (see discussion in §4.2.2).
To test for spectroscopic blends, we used the algorithm of Kolbl et al. (2015) to search for multiple sets of stellar lines. For both K2-66 and K2-106, we ruled out the possibility of companions in the 0. 87 × 14 HIRES slit with T eff = 3400-6100 K, down to 1% contrast in V and R bands, and ∆RV > 10 km s −1 . The magnetic activity of each star was assessed by measuring S HK indices using the Ca II H & K spectral lines (Isaacson & Fischer 2010) . The S HK measurements are listed in Tables 1 and 2 for K2-66 and K2-106 respectively. The median S HK values from all spectra are 0.128 and 0.140. The measured T eff and S HK were converted into log R HK values, a metric of the Ca II flux relative to the photospheric continuum (Middelkoop 1982; Noyes et al. 1984) . We measure median log R HK values of −5.27 and −5.15 dex, consistent with magnetically quiet stars from the California Planet Search (Isaacson & Fischer 2010) . For comparison, the Sun ranges from log R HK = −5.05 dex to −4.85 dex over a typical magnetic cycle (Meunier et al. 2010) .
Our NIRC2 images were processed using a standard flat-field, background subtraction, and image stacking techniques (e.g Crepp et al. 2012) . Figure 1 (a) displays the final reduced image and angular scale. Both raw and stacked images were examined for companion sources. A speckle to the right of the host star was ruled out as a companion as stacked images in the J-band filter showed it moving as a function of wavelength. Figure  1 (b) shows the sensitivity to nearby companions. Contrast levels reach ∆K = 7.7 for separations beyond 0. 75. Adams et al. (2016b) achieve similar contrast limits from K-band observations of K2-106, also with Keck/NIRC2 AO.
Light curve analysis
We fit transit models to the detrended K2-106 light curve using the same MCMC analysis described in Crossfield et al. (2016) . In brief, our code employs the Markov Chain Monte Carlo (MCMC) package emcee (ForemanMackey et al. 2013 ) and model light curves are generated using the Python package BATMAN (Kreidberg 2015) . The model parameters are: time of conjunction (T conj ), orbital period, eccentricity, inclination, and longitude of periastron (P e, i, and ω), scaled semimajor axis (a/R ), ratio of planet radius to stellar radius (R p /R ), a single multiplicative offset for the absolute flux level, and quadratic limb-darkening coefficients (u 0 and u 1 ). The detrended K2-106 light curve and fitted transit models for planets b and c are shown in Figure 2 3.3. RV Analysis package (Foreman-Mackey et al. 2013) . RadVel is easily adaptable to a variety of maximum-likelihood fitting and MCMC applications. The standard version allows for modeling of multi-planet, multi-instrument RV timeseries, and assumes no interaction between planets (e.g. Sinukoff et al. 2017) .
We adopt the same likelihood function for RV modeling as Howard et al. (2014) :
where v i and σ i are the i th RV measurement and corresponding uncertainty, and v m (t i ) is the Keplerian model velocity at time t i . The same RV model parameters are used as MCMC step parameters. Before starting the MCMC exploration, we first use the minimization technique of Powell (1964) to find the maximum-likelihood model. Fifty parallel MCMC chains ("walkers") are then initialized by perturbing each of the free parameters from the maximum likelihood values by as much as 3%. An initial round of MCMC exploration continues until the Gelman-Rubin (GR) statistic (Gelman & Rubin 1992) drops below 1.10, at which point the chains are reset. Following this burn-in phase, the remaining chains are kept and the MCMC run proceeds until the GR < 1.03 and the T z statistic (Ford 2006 ) exceeds 1000 for all free parameters. This ensures that the chains are well-mixed and converged. The adopted basis for our RV model for both K2-66 and K2-106 is: {P , T conj , K, γ}, where P is orbital period, T conj is the time of conjunction, K is the RV semi-amplitude and γ is a constant RV offset. For K2-106, we fit for P , T conj , and K of both planets. We lock the orbital periods and phases at the photometrically measured values in Tables 3 and 4 . Since the orbital ephemeris is tightly constrained from photometry, it made no difference whether we fixed the ephemeris or assigned Gaussian priors according to uncertainties on P and T conj . When testing non-circular orbits, we include two additional model parameters, √ e cos ω and √ e sin ω, where e is the orbital eccentricity and ω is the longitude of periapsis of the star's orbit. This parameterization mitigates the Lucy-Sweeney bias toward non-zero eccentricity (Lucy & Sweeney 1971; Eastman et al. 2013) . We also search for additional bodies at orbital periods beyond the duration of RV observations by testing RV models that include a constant acceleration term, dv/dt (i.e. a linear trend in the RV time series). To assess whether the addition of eccentricity and constant acceleration parameters are warranted, we use the Bayesian Information Criterion (BIC). When comparing models, we lock the RV jitter at the values in Tables 3 and 4. In §3.3.4, we discuss our search for additional planets in these two systems. We found no conclusive evidence for additional planets.
K2-66
After testing several different RV model parameterizations for K2-66, we adopt a circular orbit (sinusoidal) model with zero acceleration (dv/dt ≡ 0). The adopted RV parameters for K2-66 are listed in Table 3 , including K =7.4 ± 1.2 m s −1 . The maximum likelihood RV fit is shown in Figure 3 . When the orbital eccentricity is allowed to float, the MCMC fit yields e=0.10 +0.13 −0.07 , and a planet mass consistent with the circular orbit model. The change in the BIC is ∆BIC = BIC ecc −BIC circ = 1.0, which indicates that the fit does not improve enough to justify the additional free parameters (Kass & Raftery 1995) . Similarly, introducing dv/dt as a free parameter yields ∆BIC = BIC dv/dt −BIC dv/dt≡0 = −0.7, indicating no preference for the more complex model. Each of the different RV models that were tested resulted in a planet mass within 0.5σ of the adopted value.
K2-106
The adopted RV model for K2-106 is the sum of two sinusoids (two circular orbits), with dv/dt ≡ 0. The fitted RV parameters for K2-106 are listed in Table 4 and the adopted RV fit is displayed in Figure 4 . Overall, the choice of model did not significantly affect the planet mass measurements -all of the RV models yielded planet mass constraints consistent with the adopted values. For planet b, we measure K = 7.2 ± 1.3 m s −1 , for a 5.5σ detection. For planet c, we measure K = 1.6±1.7 m s −1 , which is not a reliable detection. From the posterior distribution, we place an upper limit, K < 6.7 m s −1 (M p < 24.4 M ⊕ ) at 99.7% confidence. Due to its proximity to the host star, the orbit of K2-106b has likely been circularized by tidal interactions with the star: We compute a circularization timescale of ≈ 6000 years using (Goldreich & Soter 1966) assuming the same a tidal quality factor Q = 100 estimated for terrestrial planets in the Solar System (Goldreich & Soter 1966; Henning et al. 2009; Lainey 2016 ). Nevertheless, we tested a fit to the RV time series in which the eccentricity of planet b was allowed to float. The MCMC fit yielded e = 0.11 +0.11 −0.08 , and a planet mass consistent with the best circular orbit model. Moreover, the eccentric model is not statistically favored (∆BIC = 0.1). When the eccentricity of planet c was allowed to float, the preferred eccentricity was 0.75 and the MCMC chains did not converge. Any orbit e 0.35 would cross the stellar surface. We also ran a trial with dv/dt as a free parameter, but found this additional model complexity was not statistically warranted (∆BIC = 0.2). Finally, since planet c was not significantly detected, we also tried fitting for planet b alone but the measured mass changes by < 0.5σ.
There are several possible reasons why we do not detect the RV signal of planet c. One possibility is that K is sufficiently small that more data are needed to securely detect the planet. Alternatively, stellar activity on the timescale of the planet's orbital period (13 days) could partially wash out the planet signal. However, our log R HK measurement of −5.15 indicates a magnetically quiet star. Finally, the star might host additional planets not included in our RV model.
Search for Additional Planets
We conducted a search for additional planets in both systems using the planet search algorithm described in Howard & Fulton (2016) Figure 5 shows the periodograms for N = 0 and N = 1. We estimate an empirical false alarm probability (eFAP) for any peaks in the 2DKLS periodogram by fitting a log-linear function to a histogram of periodogram values. For K2-66, we find no evidence of additional planet signals in the RV time series. In the N = 0 case, the tallest peak in the periodogram occurs at 5.1 days, corresponding to the known transiting planet K2-66b. For N = 1, which tests the 2-planet hypothesis, the tallest peak is at P = 4.0 days and has eFAP > 90%. We note that when we tested a 2-planet RV model with an initial period guess of 4.0 days for the second Keplerian, the measured RV semi-amplitude for K2-66b remains consistent with the adopted 1-planet model at ≈ 0.3 σ. Therefore, even if there is an additional planet at P ≈ 4 days, it does not significantly influence our mass measurement for K2-66b.
Similarly, for K2-106, our search for additional planets in the RV time-series yields a null result. The periodogram for N = 0 has a global maximum at the orbital period of K2-106b (0.57 days). The N = 1 periodogram does not have any significant peaks -the tallest is at P = 35 days with eFAP > 90%. We conclude that more RV data are needed to confidently detect any additional bodies orbiting K2-106. We note that the measured RV semi-amplitude for K2-106b changes by < 0.5σ when a 3-planet RV model is tested with an initial period guess of 35 days for the third Keplerian. Thus, even if there is an additional planet at P ≈ 35 days, it has a negligible effect on our mass measurement for K2-106b.
RESULTS & DISCUSSION
4.1. No Significant Dilution Our RV detections of K2-66b and K2-106b confirm that they are bonafide planets. To verify that the planet radius measurements are accurate, we investigated the possibility that the photometric aperture contains a blend of multiple stars. Blends would dilute the transit depth, causing the planet radius to be underestimated (Ciardi et al. 2015) . Figure 6 shows blend constraints from the spectroscopic analysis, AO images, and RV measurements. Together, these rule out the presence of companions that would significantly alter the measured planet radii. Contrasts in the NIRC2-AO bandpass were converted to the Kepler bandpass and to companion masses using riJHK photometric calibrations of Kraus & Hillenbrand (2007) . A blend with Kepler-band contrast ∆K p 2 mag is required for a 10% error in the measured planet radius. Such companions within ∼ 100 AU of K2-66 or K2-106 would have been detected as a linear trend in the RV time-series and would have been detected inside ∼ 5 AU as secondary lines in the HIRES spectrum. AO imaging rules out problematic companions beyond ∼ 10 AU. We note that the plotted constraints from RV observations use Equation 1 of Winn et al. (2010) , and conservatively assume dv/dt values equal to the 3-σ upper limits obtained when dv/dt is included as a free model parameter. The only conceivable problematic blend that would be undetected is a companion near apastron of a highly eccentric orbit (hence low dv/dt), at an orbital phase of low projected separation (hence undetected in AO images) and with a spectrum similar to that of the primary star (hence undetected spectral lines). However, such a scenario is highly improbable and we conclude that the likelihood of a problematic blend is negligibly low.
Planetary Bulk Compositions
The derived planet properties for K2-66 and K2-106 are listed in Tables 3 and 4 respectively. Figure 7(a) shows the masses and radii of K2-66b and K2-106b along with all other planets smaller than 4 R ⊕ , whose masses and radii are each known to better than 50% precision 21 . Here we discuss possible planet bulk compositions.
K2-66
For K2-66b, we measure a radius R p = 2.49 +0.34 −0.24 R ⊕ , and a mass M p = 21.3 ± 3.6 M ⊕ , corresponding to bulk density ρ p = 7.8 ± 2.7 g cm −3 . It is one of the most massive planets between 2 and 3 R ⊕ , and likely has a massive heavy-element core. The compositions of planets in this region of the mass radius diagram are not uniquely determined and could be a range of different admixtures of various chemical species including iron, rock, water and H/He (Rogers & Seager 2010; Valencia et al. 2013) . Table 3 are the median values of the posterior distributions. Error bars for each independent dataset include an RV jitter term listed in Table 3 , which are added in quadrature to the measurement uncertainties. b) Residuals to the maximum-likelihood fit. c) The RV time-series phase folded at the orbital period of K2-66b.
To assess possible compositions, we considered a couple of different two-layer planet models and in each case we constrained the mass fraction of each layer.
First, we assumed an Earth-composition core (33% iron, 67% rock) surrounded by a solar-composition H/He envelope. We used the work of Lopez & Fortney (2014) , who started with a sample of 1-20 M ⊕ cores surrounded by H/He envelopes that are 0.1-50% of the total planet mass and recorded the evolution of planet radius and envelope mass over a range of incident fluxes. Their models consist of planet radii (R p ) computed over a 4-D grid of planet core mass (M core ), planet envelope mass (M env ), age, and incident stellar flux (S inc ), i.e. R p = R p (M core , M env , age, S inc ). Following Petigura et al. (2017) , we interpolated this grid to convert our measured M p , R p , S inc , and age into a core mass (envelope mass). We generated probability distributions for core mass fraction (CMF) by randomly sampling the posteriors of M p , R p , and S inc , assuming an age of 5 Gyr. Varying the age between 3-8 Gyr had negligible effect, which is explained by the fact that at Gyr ages, there is little dependence on age as the heating/cooling budget is close to a steady state value. From the resulting probability distribution, we constrain CMF > 0.96 and M core > 10.8 M ⊕ at 99.7% confidence (3σ). One potential limitation of our method is that the Lopez & Fortney (2014) models assume the planet incident flux is constant. However, the luminosity of K2-66 has increased by a factor of ∼2 since evolving off of the main sequence and therefore the planet incident flux was twice as low for most of its lifetime. Nevertheless, when we repeated this analysis using half the incident flux, the 3σ lower limit on the CMF changes by a negligible amount, from 0.96 to 0.95. We conclude that if the planet consists of a H/He envelope atop an Earthcomposition core, the envelope is <5% of the planet's mass and the core is >10.8 M ⊕ . If the iron mass fraction is larger (smaller) than that of Earth, then the planet would need a more (less) extended H/He atmosphere to maintain the same radius.
We also considered a composition of rock (Mg 2 SiO 4 ) and water ice. We randomly drew 100,000 planet masses and radii from the posterior distributions, and converted them into a rock-mass-fraction (RMF) using Equation 7 of Fortney et al. (2007) . From the resulting distribution of RMFs, we conclude that if the planet is indeed a mixture of rock and water ice, then RMF > 81% at 68.3% confidence (1σ). Moreover, the total mass of rock M rock > 16 M ⊕ at 68.3% confidence and the planet is denser than pure rock at 39% confidence.
K2-106
For the USP planet K2-106b, we measure radius, mass, and density R p = 1.82 +0.20 −0.14 R ⊕ , M p = 9.0 ± 1.6 M ⊕ , and ρ p = 8.57
. These are consistent with an Earth-like composition. Assuming the planet is a mixture of iron and rock, we used Equation 8 of Fortney et al. (2007) to convert our mass and radius posteriors into an iron mass fraction (IMF) probability distribution. The median IMF is 19% with a 1σ upper limit of 33%, consistent with an Earth-like composition. With an extremely high incident flux of 4293 ± 483 S ⊕ , and equilibrium temperature of 2063 ± 58 K, K2-106b is the hottest sub-Neptune with a measured density. At such close proximity to the star, any volatiles would likely have been lost by photoevaporation, leaving a bare ∼ 9 M ⊕ core.
The measured radii of planets b and c are larger than those reported by Adams et al. (2016b) at the ∼ 2.5σ and ∼ 1σ level respectively. Adams et al. (2016b) measure R p = 1.46 ± 0.14 R ⊕ for planet b and R p = 2.53 ± 0.14 R ⊕ for planet c. Adopting their measured radius for planet b with our measured mass yields an iron mass fraction, IMF = 0.8 ± 0.2. Although such a large IMF is unlikely based on simulations of planet formation (e.g. Marcus et al. 2010) , we investigated the source of the measurement discrepancy. We discovered that Adams et al. (2016b) underestimate the stellar radius due to an unreported error in the T eff -R relations of Boyajian et al. (2012) , which they used to convert their spectroscopically measured T eff (5590 ± 51 K) into a radius. Equation 8 of Boyajian et al. (2012) was reported as being a third-order polynomial fit to a sample of 33 K-M-dwarfs with precisely measured radii and T eff . Equation 9 was reported as a second polynomial fit that extends to hotter temperatures by including the Sun. However, these equations seem to have been mistakenly swapped -the polynomial coefficients in Equation 8 belong in Equation 9 and viceversa. This can be seen by computing R (5778 K) = 1.00 and 0.86 R for Equations 8 and 9 respectively. The two equations diverge as T eff exceeds ∼ 5300 K, which is particularly problematic. Adams et al. (2016b) 8 is preferred for T eff 5500 K, neither are particularly reliable for this temperature regime-the Sun is the only fitted data point beyond 5500 K, which is also where R and T eff become significantly age-dependent because of main sequence evolution. We encourage the authors of any studies who have used Equations 8 and 9 of Boyajian et al. (2012) to verify their results. T. Boyajian has confirmed the error and is working to publish an erratum.
We note that the T eff and log g measured by Adams et al. (2016b) are higher than our measurements. Our spectroscopic parameters for K2-106 are derived from SME, which has been well-validated by asteroseismically characterized stars (Brewer et al. 2015) . Nevertheless, even if we run the isochrones Python package assuming the T eff , log g, and [Fe/H] values from Adams et al. (2016b) , we measure stellar parameters M = 0.96 M and R = 0.90 M , which are within our measurement errors.
Photoevaporation Desert
The radius and temperature of K2-66b and K2-106b constitute the extremes of planet parameter space. Figure 8 shows the radius and incident flux of confirmed planets from the NASA Exoplanet Archive 22 (NEA). K2-106b ranks among the hottest sub-Neptunes found to date. There is a clear absence of very hot planets larger than ∼ 2 R ⊕ . Another noticeable feature is that hotter giant planets tend to have larger radii-the reason for which is highly debated (see Ginzburg & Sari 2015 , and references therein). It would be interesting to see if any trends exist for the larger sub-Neptunes of similar temperature. K2-66b occupies the region of parameter space 22 NASA Exoplanet Archive, UT 15 February 2017, http://exoplanetarchive.ipac.caltech.edu found to be completely devoid of planets by Lundkvist et al. (2016) 
, hereafter referred to as the "L16 desert".
We find that seven other planets fall within the L16 desert. To assess the reliability of these seven measurements, we examined constraints on the host stellar parameters from spectroscopic and imaging observations. None of them were asteroseismically characterized by Lundkvist et al. (2016) . According to the Exoplanet Follow-up Observing Program (ExoFOP) database 23 , five of these stars (K2-100, Kepler-480, Kepler-536, Kepler-656, and Kepler-1270) have properties constrained from spectroscopy and AO imaging. One of these five stars, Kepler-536, has a stellar companion at 0. 56 separation. The planet in this system would be much larger than 4 R ⊕ if it orbits the companion star rather than the primary (Law et al. 2014; Furlan et al. 2017 ) so we deem this measurement unreliable. We consider the planet parameters for the other four systems to be reliable and confirm that planets remain in the L16 desert when spectroscopic stellar parameters are adopted. For K2-100, we adopt the stellar and planet parameters reported in (Mann et al. 2017 ). The star is a late F dwarf in the 800 Myr Praesepe Cluster. For Kepler 480, Kepler-656, and Kepler-1270, we had previously obtained HIRES spectra and used the SpecMatch algorithm (Petigura 2015) to derive T eff , log g, and [Fe/H]. We computed stellar masses and radii using the isochrones package (see §3.1). We find that Kepler-480 is an F8 dwarf, Kepler-1270 is a K1 subgiant, and K2-656 is a high-metallicity G dwarf ([Fe/H] = 0.23 ± 0.05 dex). The planets in the L16 desert that orbit these four spectroscopically characterized host stars are plotted as blue -Constraints on the presence of other stars in the photometric aperture for (a) K2-66 and (b) K2-106, which would dilute the measure transit depth. The vertical axes show companion brightness contrast and companion mass plotted against orbital separation. NIRC2 AO imaging excludes companions in the hatched blue region, assuming distances of 400 pc and 250 pc to K2-66 and K2-106, respectively. The dashed red line shows the limits of our search for secondary lines in the HIRES spectrum. Companions in the hatched green region would induce a linear RV trend larger than the 3-σ upper limit determined from the RV timeseries, assuming a circular, edge-on orbit. The horizontal dotted lines represent companion contrasts at which the dilution of the observed transit depths of K2-66b and K2-106b would cause planet radii to be overestimated by 10% and 20%. Together, AO imaging and spectroscopy, and RVs rule out companions that would cause systematic errors of > 10% in planet radius with high confidence (see §4.1 for discussion) points and labeled in Figure 8 .
We examine whether the five planets in the L16 desert share common properties that can be linked to their origins. First, we note that none of them are USPs -they have orbital periods of 1.3-6.0 days. Moreover, four of the five host stars have luminosities L > 1.7 L . Based on these two observations, we speculate that planets in the L16 desert are 2-4 R ⊕ cores of larger planets that were stripped of their gaseous envelopes by means of photoevaporation. Such 2-4 R ⊕ cores would have higher surface gravities and orbit further from the star than the smaller cores of USPs. Therefore, the removal of their envelopes by photoevaporation would require stars that RV Model (circular orbit assumed)
Other γ −2.5 ± 1.0 m s −1 σ jit 5.0 ± 0.8 m s −1
Note. -S inc = incident flux, T conj = time of conjunction. Teq = equilibrium temperature, assuming albedo = 0.3 are systematically more luminous than USP hosts, consistent with observations. Mass measurements of other planets in the L16 desert are needed to test the hypothesis that they are cores surrounded by little to no gas.
Given that K2-66 is a subgiant star, we consider the evolution of the planet's irradiance since the star left the main sequence. According to Dartmouth stellar evolution models, a star with mass M = 1.1 M and [Fe/H] = 0.05 dex would have had a radius R ≈ 1.1 R during its main sequence lifetime and have luminosity L ≈ 1.5 L . Its current luminosity is ≈ 3.0 L , meaning that the planet incident flux has increased twofold, from ≈ 420 to 840 S ⊕ since the main sequence era. This would have boosted the rate of photoevaporation of lowdensity volatiles in the planet's envelope. Alternatively, EPIC 206153219 might have formed in a gas-poor disk, preventing it from accumulating much H/He. If K2-66b was stripped of its envelope as the star became a subgiant, then the rapid post-main sequence evolution explains the lack of known planets similar in size and density. Perhaps we are catching a glimpse of a planet from a population that quickly spirals into their host stars as they evolve off the main sequence (e.g. 
3.50 ± 0.21 hrs ρ ,circ 2.13
RV Model (circular orbit assumed) -(a) Masses and radii of all confirmed planets whose mass and radius are measured to better than 50% (2σ) precision (blue triangles). Solar System planets are represented as black squares. Red circles indicate our measurements of K2-66b and K2-106b. Dark red squares represent other USP measurements from the literature. Green curves show the expected planet mass-radius curves for 100% iron, 100% rock (Mg 2 SiO 4 ), and 100% water (ice) compositions according to models by Fortney et al. (2007) . KELT-8b, Fulton et al. 2015) . To test this scenario, we computed an inspiral time, t inspiral ≈ 370 Gyr for K2-66b using Equation 1 of Lai (2012) assuming a nominal reduced tidal quality factor Q = 10 7 . We conclude that the planet is not on the verge of spiraling into its host star. The black dashed box encloses the region of parameter space found by citetLundkvist16 to completely lack planets, which we refer to as the L16 desert. K2-66b, as well as three other planets (blue) occupy the L16 desert and have host stars characterized by both spectroscopic and AO observations. Four of these five planets have host stars with super-solar luminosities. K2-106b is one of the hottest sub-Neptunes found to date. Dai et al. 2015; Sinukoff et al. 2017) . These planets are plotted on the mass-radius diagram in Figure 7 (b). The properties of these planets and their host stars are provided in Table 5 . All of them have masses and radii consistent with admixtures of rock and iron with little to no surrounding volatiles. This is consistent with the notion that USPs are the remnant cores of larger planets that lost their gaseous envelopes or formed without much gas in the first place. It is curious that three of the six well-characterized USPs have consistent masses and radii that are ∼ 1.7-2.0 R ⊕ and ∼ 8-10 M ⊕ . Perhaps these planets constitute an upper size and mass limit to the cores of the larger planets from which they form. If all USPs have similar rocky compositions, then the observed absence of USPs >2.0 R ⊕ naturally translates to an upper mass limit. Some sub-Neptune-size planets with P > 1 day have cores > 10 M ⊕ (e.g. K2-66b), but there are no such examples of USPs. More well-characterized USPs are needed to reveal their core mass distribution.
We note that the three well-characterized USPs with ∼ 8-10 M ⊕ cores (K2-106b, 55 Cnc e, WASP-47e) have host stars with super-solar metallicities, whereas two of the three well-characterized USPs with masses 5 M ⊕ (Kepler-78b and Kepler-10b) have host stars with subsolar metallicities. With only six data points, a correlation cannot be claimed, but this motivates a more complete analysis of all USPs beyond the scope of this study.
USPs are unlikely to be remnants of hot-Jupiters. While earlier studies argued that USPs could be the leftover cores of hot-Jupiters that experienced Roche lobe overflow (RLO, e.g. Valsecchi et al. 2014) , simulations by Valsecchi et al. (2015) and Jackson et al. (2016) suggest that RLO of planets with cores 10 M ⊕ would tend to expand their orbits to P > 1 day. Moreover, Winn et al. (2017) found that the [Fe/H] distribution of USP host stars is inconsistent with that of hot-Jupiter host stars, and consistent with that of stars hosting hot planets of Neptune-size or smaller. This suggests the that the majority of USPs are not remnants of hot-Jupiters but could be remnants of Neptune-or sub-Neptune-size planets.
Five of the six well-characterized USPs have known planetary companions. The single exception is Kepler78b, which orbits an active star, hampering the ability to detect planets with longer orbital periods. The number of detected companions to USPs is consistent with a 50-100% occurrence rate of additional planets P < 45 days, depending on the assumed distribution of mutual inclinations and assuming 100% detection completeness (Adams et al. 2016b) .
It remains unclear how USPs settle so close to their host stars, but the multiplicity of these systems (P < 50 days) hints that they form via inward migration mechanisms involving multiple planets. For example, Hansen & Zink (2015) demonstrated that tidal decay of 55 Cnc e from beyond its current orbit would have sent the planet through multiple secular resonances, exciting its orbital eccentricity and inclination. A shrinking periastron distance would subsequently boost tidal evolution and increase the rate of orbital decay. However, unless the perturber has a mass comparable to Jupiter, secular interactions are usually too weak to overcome relativistic precession at short orbital periods (Lee & Chiang 2017) . Thus, secular interactions can only explain USP systems that also host close-in giant planets like 55 Cnc and WASP-47. Alternatively, USPs might have migrated through a gas disk to their current orbits via mean motion resonances (MMRs) with other planets. However, companions of USPs detected to date are not in MMR. It is possible that resonant companions were engulfed by the star or collided to form a single object. Formation of USPs via MMR would require the disk to extend very close to the star. USPs could also have been gravitationally scattered inwards by another companion, but this is difficult to reconcile with the observed presence of multiple companions on close-in orbits, which would be unstable at modest eccentricities. Lee & Chiang (2017) show that the observed USP population is consistent with in-situ formation or disk migration followed by tidal migration. Any complete theory of planet formation must account for the presence of these rocky ∼ 5-10 M ⊕ USPs with close neighbors.
CONCLUSION
We have measured the masses and densities of two extremely hot sub-Neptunes, K2-66b and K2-106b. We have characterized their stellar hosts using highresolution spectroscopy and adaptive optics imaging. The radius of K2-66b, R p = 2.49 +0.34 −0.24 R ⊕ measured from K2 photometry and mass, M p = 21.3±3.6 M ⊕ measured from Keck-HIRES RVs are consistent with a mostly rocky composition and little to no low-density volatiles, making it one of the densest planets of its size. It is one of the few known planets in the "photoevaporation desert" (R p = 2.2-3.8 R ⊕ , S inc ≥ 650 S ⊕ ), and the first such planet with a measured mass. These planets tend to orbit stars more luminous than the Sun, which suggests that they might have systematically higher densities due to increased photoevaporation. The measured radius, R p = 1.82 +0.20 −0.14 R ⊕ and mass, M p = 21.3 ± 3.6 M ⊕ of K2-106b indicate an Earth-like composition, similar to the four other USPs with measured densities. It is the hottest sub-Neptune with a measured mass, and could be the stripped core of a more massive planet. K2-66b and K2-106b join the rare class of planets larger than 1.5 R ⊕ with mostly rocky compositions.
